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Relations

1. (a) Show that the relation S in the set A = {x € Z : 0 < z < 12} given by
S ={(a,b) : a,b € A, |a—b| is divisible by 4}.
is an equivalent relation. Find the set of elements related to 1.
(b) Show that the relation R in the set A = {x € W : 0 < 2z < 17} given by :
i. R={(a,b): |a—b|is multiple of 5}
ii. R={(a,b):a=0>}
are equivalence relations. Find the set of all elements related to 2 in each case.

(c) If A ={0,1,2..9} and the relation R on A is defined by R = {(z,y) : =,y €
Ay =2z + 1},
then determine whether the relation R is:
(a) reflexive  (b) symmetric  (c) transitive

(d) Is the relation R on the set R of real numbers defined by R = {(a,b) : a,b €
R, 1+ ab > 0} transitive? Justify you answer.

(e) Is the relation R on the set Q of rational numbers defined by R = {(z,y) : z,y €
Q,r < y*} symmetric? Justify your answer.

Answers

(a) A={z €Z:0<z<12}
S ={(a,b) : a,b € A, |a— bl is divisible by 4}
|a — b| is divisible by 4
= (a — b) = +4k for some k € Z.

i.a—a=0

Hence, (a,a) € S and S is reflexive.

ii. Let (a,b) € S
= (a —b) = 4k
= (b—a) = F4k
= (b,a) € S
Hence, S is symmetric.

iii. Let (a,b) and (b,c) € S
= |a — b| = 4k, and |b — ¢| = 4k, for some ky, ks € Z
Now,a—c=a—b+b—c
=a—c=(a—0b)+(b—c)
= a—c= d4ky £ 4ky = :|:4(l€1 + kg)
= |a — c| = 4(k1 + k2) = |a — | is divisible by 4,
= (a,c) € S. Hence, S is transitive.

.. S is reflexive, symmetric and transitive. Hence, S is an equivalence relation.

Set of elements related to 1 i.e.,

{(1,b) : b €A and |b— 1] is divisible by 4}

ie. b—1=4k

= b=4k + 1 where k € Z such that 0 < b <12

. {5,9} is the set of elements related to 1.
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(b) A={x e W,0<z <17}
i. R={(a,b): |a—0b|is a multiple of 5}
A. (a,a)=]la—a|=0€R
So R is reflexive.
B. Let (a,b) € R,
then, |a — b| is a multiple of 5
= |b — a| is a multiple of 5, since |a — b| = |b — q|
.. R is symmetric.
C. Let (a,b) € R and (b,c) € R
then, |a — b| = 5k; , |b — ¢| = bky
= \a — Cl = bky + Sky = 5(l€1 + kg)
Hence (a,c) € R.
This implies R is transitive.
So, R is an equivalence relation.
Set of all elements related to 2
ie. {(2,b): b€ A, |2 — 0| is a multiple of 5}
ie. 2—b=5k = b=2— 5k, where k € Z such that 0 < b <17
{7,12,17} set of elements related to 2.
ii. R={(a,b):a=>}
A. (a,a) € R since a =a
.. R is reflexive.
B. Let (a,b) € R
=a=0
=b=a= (ba) € R
Hence R is symmetric.
C. Let (a,b) & (b,c) € R
=a=band b=c
=a=b=c
=a=c
Hence (a,c) € R.
Thus R is transitive.
.. R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation.
Also, (2,2) € Ras 2 =2.
Hence, {2} is the set of element related to 2.

() A=1{0,1,2..9}
R={(z,y):x,ye A,y =2x+1}

i. If (z,2) € R,

then, x = 2x + 1

= —r=1=2r=-1

but —1 ¢ A So R is not reflexive.
ii. Let (a,b) € R,

=b=2a+1

=b—1=2a

b—1

= — =
9 a
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So, (b,a) € R [. (b,a) € R=a=2b+1]
Hence R is not symmetric.

iii. Let (a,b) and (b,c) € R
=b=2a+1land c=20+1
To show (a,c) € R, we have to show that ¢ = 2a + 1.
Now, c=2b+1
=c=22a+1)+1=4a+3#2a+1
Hence (a,b), (b, ¢) € R does not imply (a,c) € R
Hence R is not transitive.

(d) R={(a,b):a,b € R,1+ab>0}

Let (a,b) and (b,c) € R

=1+ab>0and 1+bc>0

R will be transitive if (a,c) € R

ie. 1+ac>0

Let us consider the counter example,

(3,1) e Rsince 1 +(3x1)=4>0

-1 1 1
and (1,7> € Rsincel+1 (—5) 25 >0

1 1 1
But, (3,—§> ¢ R since, 1 + 3 (—5) =1-=-= — ?0
Hence, R is not transitive.
(e) R={(z,y): 2,y € Qu <y’}
To show R is symmetric we have to show that if (a,b) € R then (b,a) € R
Let us consider the counter example,
(1,2) € R since, 1 < 2?
But (2,1) € R since, 2 # 17
Hence, R is not symmetric.

2. (a) Show that the relation R in set of real numbers defined as
R = {(a,b) : a* + b* = 1} is symmetric but neither reflexive nor transitive.

(b) Show that the relation R in set of real numbers defined as
R ={(a,b) : a < b} is reflexive, transitive but not symmetric.

(c) Show that the relation R in set of real numbers defined as R = {(a,b) : a < b°}
is not an equivalence relation.

(d) Let R be the relation defined on the set I of all integers by (z,y) € R < (x — y)
is divisible by number n. Show that R is an equivalence relation on I.

(e) If a relation R on Z is defined by R = {(a,b) : |a — b| < 3} then show that R is
reflexive and symmetric but not transitive.

Answers

(a) R={(a,b):a*>+b*=1}

i. Let (z,z) e RYz e R
then, 22 + 22 =1

1
:>2x2:1:>x2:§

1
=>r=+—

V2
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1
i.e. Reflexive is possible only when x* = +—— and not for all x € R

V2

Hence, R is not reflexive.

ii. R is symmetric if for (a,b) € R = (b,a) € R.
Let (a,b) € R
=ad* 4+ =1
= +a’=1
= (b,a) € R
Hence, R is symmetric.

iii. Let (a,b) and (b,c) € R
then a® +0* =1 ...... (i) and b +cF=1.... (17)
Subtracting (ii) from (i):
> —c=0=a=*c
ie.a?+c?=a*+a*=2a>#1forallz € R
Hence, (a,c¢) € R
So, R is symmetric but neither reflexive nor transitive.

(b) R={(a,b):a <b}

i.ze<zVzeR
Hence, (z,2) € RV z € R.
So, R is reflexive.

ii. Let (z,y) € R then,
r<y#y<zforal z,y e R
= (y,2) € R
So, R is not symmetric.

iii. Let (x,y),(y,2) € RV z,y,2z € R.
then, x <y and y < z
>T<y<z
e,z <z
= (2, 2) € R and hence, R is transitive.

So, R is reflexive, transitive but not symmetric.
(¢) R={(a,b):a<b’}

i. (a,a) € R since, a £ a® for all a € R.
For example if a = —2 € R, then a > d®.
Hence, R is not reflexive.

ii. Let (a,b) € R
thena < b4 b<a’forala,beR
For example, (1,2) € R, as 1 < 2% but (2,1) € R, as 2 > 1°.
Hence, R is not symmetric.

iii. Let (a,b), (b,c) € R
then a < ¥%, and b < ¢
=a< (03)3:cg#>a§c3 for all a,b,c € R

3\ (3 4 3\° 3 4\°
— — - < — — < — .
For example, (3,2),(2,3> € R as 3 < <2> and 5 < (3) But,
3

4 4
<3, 5) ¢ R, as 3 > <§> . Hence, R is not transitive.

Thus, R is not an equivalence relation.
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(d) R = relation defined on the set I of all integers by (x,y) € R < (x,y) is divisible
by number n.

1.

ii.

111.

x —x = 0 is divisible by 5.
= R is reflexive.

(z,y) € R

= (z — y) is divisible by n.
= (y — x) is divisible by n.
= (y,x) € R

Hence, R is symmetric.

Let (z,y) € Rand (y,2) € R

= (z — y) is divisible by n and (y — x) is divisible by n.

Now, (z —y)+ (y—2) =2 — =z
So, (z — z) is also divisible by n.
= (z,z) € R.

Hence R is transitive.

Thus, R is an equivalence relation.

(e) R=

i.

ii.

1il.

{(a,b) : |a —b| < 3}

la—al=0<3

= (a,a) € R

So, R is reflexive.

Let (a,b) € R

= |la—b <3

=|b—al <3

= (b,a) € R

So, R is symmetric.

Let (a,b) & (b,c) € R
=la—0b <3and |[b—c| <3

Now, [a—c|=|(a—b)+(b—c)|<|la—bl+|b—c|<3+3=6

So, (a,¢) ¢ R
Hence, R is not transitive.

3%:1 R.B. Maths Academy 9804696360 9836726238
www.rbmathsacademy.com M rb.mathsacdemy(@gmail.com Q Behala Tramdepot




©) R. Banerjee (Relation & Functions) Page - 7

Domain and Range

Function of the form Defined when

=.¢0

v
v

}

v

v

. >0 and ‘#0
>

B
v

v

v
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1. Find the domain and range of the following functions:

(e) f(x

)=
) =
(d) f(z) =
)=
(f) flz) =3~z =2

Answers

x2—9

(@) fla) =
Domain of f =R — {3}
=9
Lety = f(z) = —
=zr=y—3€R— {3} only if y # 6.
*. Range of f = R — {6}.

(b) f(e) = 5
1

Now, 22 4+ 1# 0 = x;«é—E

[z # 3]

1 —1
Hence, Domain of f =R — {——} = (—oo, —> U (

r+1
Let y = flo) = 5

== 2zyt+y=x+1
= 2oy—z=1—y
= z(2y—1)=1—-y

- 1
= $:—yNOW,2y—17AO — Yy F —
% — 1 2

1
Hence, y € R — {5}

. Range of f =R — {%} = (—oo,%) U (%,oo)

(©) f(x) = VIE—a?
f is defined when 16 — 2* > 0
— d—2)d+2)<0
= x € [—4,4]
.. Domain of f = [—4,4]
Let y = V16 — z2
Squaring both sides
y* =16 — 2°
— 2° =16 -1
— 1 = +1/16 — y? which exists when y € [—4, 4]

3%:1 R.B. Maths Academy d804636360
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Since, y = V16 — 22 so we must have y > 0
.. Range of f =0, 4]

1
f is defined when 4 — 22 > 0
— (4—2)4+2x)>0
= z € (-2,2)
.. Domain of f = (—2,2)

Let y = f(z) =
VeI =
Squaring both sides,
1
2 _
A
— 4y — 2%t =1
— 2yt =4y® -1
42 — 1

s g2 Y _

Y

y2—-1 . 2
— & = +—~—"—— which is defined when y # 0 and 4y — 1 > 0

Y
1 1
i.e.,y;«éOand(y—§> <y—|—§)20
1 € | =5 —1 U ;
e,y 00, 5 2,00
1
= y > 0.
Vi 7
1
.'.Rangeoff:[ oo)

5’
(e) f(x) =z -3
.. Domain of f = R = (—00, )
Let y = |z — 3|
theny >0V 2 e R
Hence, Range of f = [0, 00)
(f) f(z) =3[z -2
.. Domain of f =R = (—00, )
3—(r—2)=5—-x ,x>2
y=3—]r—-2[=<¢3-0=3 ,r =2
3+ (z—-2)=142 ,z<2
We know, [z —2| >0forallz e R = —|z—2|<0
— 3|z —2/<3
.. Range of f = (—o0, 3]

But, y =

2| =

x
, then find its domain and range.

2. (a) If areal function f is defined by f(z) =

—4
(b) Find the domain and range of the function f defined by f(z) = %
(¢) Find the domain of f(z) = log(4x — 3).
1

(d) Find the domain of f(z) = Tog(9 —29)°

3%:1 R.B. Maths Academy 9804696360 9836726238
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Answers
] — =
(a) f(z) = Tor
The function is defined when, 2x #0 — x # 0
So, Domain of f = (—o00,0) U (0,00) = R — {0}

Now,
x,x >0
|z =
—x,x <0
(excluding the case of x = 0 since it does not exist in the domain of f).
r—x=0 ,x >0
= |z|—x=
—r—x=-—2x ,x<0
0,z>0
Hence, f(z) =<
/() -1, x <0
.. Range of f ={0,—1}.
|z — 4]
b = —
b) f() = =
f is defined when x — 4 # 0
= r#£4
. Domain of f =R — {4} = (00,4) U (4, 00)
—4), >4
Now, |z —4| = (z=4),@
—(x—4),x <4

(excluding the case of & = 4 since it does not exist in the domain of f).
|z — 4| Lz >4
'. TS ——— =
/(@) r—4 —1l,x <4
. Range of f = {1,—-1}

(c) f(z) =log(4z —3)
f is defined when 4x — 3 > 0

= 4x >33
- > -
T>7 3
.. Domain of f = 7

Let, y = f(z) = log(4z — 3)
y
— 4dr—-3=¢ = xz#whichis defined for all y € R
.. Range of f = (—o00, 00)
1
d S
@) 1) = =5
f to be defined when, log(9 — 2?) # 0 and 9 — 22 > 0
— 9—2"#1and (3—2)(3+2)>0
— 1z #42v2and z € (=3,3)
. Domain of f = (=3, —2v2) U (—2v/2,2v/2) U (22, 3)
1 1
Let,y = f(z) = —— log(9 — 22) = =
ct,y = flo0) = g — loa(0 =) =

— 09— 2= e%
— 22 =9 — ev which is defined for all y € R — {0}
.. Range of f =R — {0}.
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3.

4.

(a)

(b)

()
(d)

(a)

(b)

(a)
(b)

B 1
3 —2sinx
1

V1 —cosw
Find Range of f(z) =2 — 3coszx

Find Range of f(x) =2+ 5sin3x

Find Domain of f(z)

Find Domain of f(z) =

Answers

1
fle) = 3 —2sinx
f is defined when, 3 — 2sinx # 0
= 2sinz # 3
= sinx # -
We know, —1 < sinxz < 1 for all z € R.

. 3. . .
So, sinx # — is always true irrespective of any value of x.

.. Domain of f = (—o0, 00).

1
J(w) = v/ 1—cosx

f is defined when, 1 — cosx > 0
— coszr <1
We know, —1 <cosx <1V zeR.

Thus, for cosz # 1 we must have, x # 27n for n € Z.

. Domain of f =R — {27n : n € Z}.

f(z) =2—3coszx

—1<cosz <1 Vuze (-0, 0)

= —3<3cosx <3 Ve (—oo0)

— 3> —3cosz>—-3 Ve (—00,00)

= 2-3<2-3cosz<2+3 Vuze(—o0,00)
= —1<2—-3cosz<5 Vuze (—o0,00)
Hence, (2 — 3cosx) € [—1,5].

.. Range of f = [—1,5].

f(x) =2+ 5sin3z

—1<sin3x <1 Vuzée(—o0,0)

— 2-5<2+45sin3x<2+5 Ve (—oo0,00)
= —3<2+5s8in3z<7 Vuze(—o00,00)
Hence, (24 5sin3z) € [-3,7] V 2 € (—o0, 00).

.. Range of f =[-3,7].

B 1
5 —3sinz’

1
Find the Range of the function f(z) = pp—
— cosx

Find the Domain of the function f(z)

3%:1 R.B. Maths Academy d804636360
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D.

Answers

@) f) = s —

f is defined when, 5 — 3sinx # 0
)
= sina:;«ég
We know, —1 <sinz <1 Vz € (—00,00)
So, Domain of f = (—o00,00).
1
b S -
(b) fl@) = 5——
—1<cosx <1 V € (—00,00)
= 1> —cosz>—-1 V € (—00,00)
= 2—-1<2—-cosz<2+1 V € (—00,0)
= 1<2—cosx <3 V € (—00,00)
Hence, (2 — cosz) € [1, 3].
.. Range fis [1,3].

(a) Find the Domain of the function f(z) = v& — 1 + /6 — .
1
(b) Find the Domain of definition of f(z) = W
x| —z
Answers

(a) flx)=Vr—1++V6—x
f(z) is defined when, z —1 >0 and 6 — 2 > 0
— zrz>landz<6ie.,1<x<6
.. Domain of f = [1,6].

(b) f(z) = ——

Vx| —x

f(z) is defined when, |z| —z > 0.

— || > x, which is possible only when z € (—o00,0).
Hence, Domain of f(z) is (—o0,0).

anad R.B. Maths Academy d804636360 dd836726238
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Types of Functions

1. Show that the function

n+ 1, if n is odd

n — 1, if n is even

(a) f:N — N defined by f(n) = { is both one-one and onto.

(b) f:Q — Q defined by f(x
(¢) f: N — N defined by f(
) (
)

= 3z — 2 1s one-one.
z) = 2x — 1 i1s not onto.

)
)

(d) f:N — N defined by f(m) = m? 4+ m + 2 one-one? Justify your answer.
(e) f:7Z — Z defined by f(x) = 2* + x is neither one-one nor onto.
Answers
n 4+ 1,if n is odd
(a) f(n)= e
n — 1,if n is even
Case-1: Let x; = 2ny (even), x5 = 2ny + 1 (odd) for some ny,ny € N.
Then T1 % T2

f(x1) =2ny — 1 (0dd) and f(xs) =2n9+14+1=2ny+2=2(n+1) (even).

Hence, z1 # vy = f(x1) # f(z2)
Case-2: Let x; = 2ny (even) and x5 = 2ny (even) for some ny,ny € N.
) =2ny — 1 (odd).

Then 1 7é T2

f(z1) =2ny — 1 (odd) and f(z5

Hence, x; # 2o = f(x1) # f(22)

Case-3: Let 1 = 2n; + 1 (odd) and x5 = 2ny + 1 (0odd) for some ny,ny, € N.
Then x; # x5

f(z1) =2n1 + 2 (even) and f(z2) = 2ns + 2 (even).

Hence, 1 # 29 = f(x1) # f(x2)
Thus, f is one-one.

1,if n is odd
Let y = f(n) = n ’% n%so so, y € N
n — 1,if n is even

Let x; be even natural no. and x5 be odd natural no.
y=flz1))=z1-1 and y = f(22) = 22+ 1

—r=y+1 — =9y —1

=—> y must be odd natural no. = y must be even natural no.

So, f is onto.

(b) f:Q—Q fz) =322
Let f(x1) = f(x2) for z1, 22 € Q
= 311 —2 =319 — 2
— 3.1'1 = 31’2
— I1 = X2
SO, f(l’l) = f(l'g) — T = T2
Hence, f is one-one.
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()

(d)

(e)

f*N—=>N, f(x)=2x—-1
Now, let y =2z — 1

1

Now, y € N and if y is odd then z € N

but if y is even then y + 1 is odd

1
%QNi.e.x&'N

Hence, f is not onto.

f N=N,f(m)=m?+m+2

Let f(x1) = f(xo) for zy,29 € N

= 22t + 2=+ Ty +2

= 2} — 25 +x —23=0

= (r1 —x2)(x1 +224+1)=0

Now, x1 + w9 + 1 # 0 since x1, x5 € N
(331—332) =0 = x1 =29

So, f(z1) = f(xe) = x1 = 9
Hence, f is one-one.

fZ—Z fx)=2"+z

Let @1, 29 € Z such that f(z1) = f(x2)

= x%—i—xl :x§+x2

= 2= T5+ 7 —Ty=0

= (z1 —x2)(z1 +22+1)=0

Either, x1 = x5 or, 1 + 2o +1 =0

Let us consider the example, z; = 0,2z, = —1

S f(r)=0and f(z2) =1—-1=0

So, for @y # xo we are getting f(z1) = f(z2)

Hence, f is not one-one.

Again let us consider the counter example y = —1 € Z (co-domain of f)
Now, y = f(z) = 2°+2=—1

As, 22+ 2 +1 = 0 has no solution in Z, so there does not exist any x € Z (domain
of f) such that f(z) = —1.

Hence, f is not onto.

Thus, f is neither one-one nor onto.

and

2. (a) Find whether the following function is surjective, injective or bijective:
f:R — R defined by f(z) =2 -2,z €R
4
(b) Show that the function f : R — {3} — R — {1} defined by f(x) = v 3 is a
l‘ pR—
bijective function.
1
(¢) Consider the function f(z) =2+ —,x € R,x # 0 is f one-one?
x
Answers
(a) f(x)=2"—-2,z€R
Let x1, 22 € R such that f(z1) = f(z2)
— 2= -2 = 2 —23=0
=4 (Z’l — .’132)(1’% + X129 + $§) =0
= Either, z; — 2o =0 or, 23 + 129 + 25 =0 ......... (i)
13%°1 R.B. Maths Academy 98046396360 9836726238
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2 32
o st () () 4
2 312
= $%+$1$2+$§=<$1+%) —i—%;«éOforallxl,xQeR

. From (i) we must have, 21 = 5.

Hence, f is one-one (injective)

Now, let y = f(z) =2 -2,y € R

y=a>—2

— y4+2=2">

— r=+y+2 = x€Rforall y e R.

So, f is onto.

.. [ is both one-one (injective) and onto (surjective).
Hence, f is bijective.

rx+4
(b) f:R—={3} > R {1}, f(x) = P
Let z1,29 € R — {3} such that
f(z1) = f(z2)
T —|—4 ZL‘Q+4
— =
I -3 ) -3
— I1T9 + 4[L’2 - 3.%'1 —12= T1T9 — 31’2 R 41’1 —12
= Txg =Txy
— T9 = X1
So, f is one-one.

4
Lety:f(x):x—_l—gwherexER—{?)}
x_
= 2y —3y=x+4
== zy—x =4+ 3y
— z(y—1)=3y+4

3y + 4
= r = i +1 as, y # 1 hence z is well defined
: : 3y +4 :
Also, x = 3 is not possible as, 3 = 1 —> 3y — 3 =3y + 4 (not possible).
y —

3y +4
= R - {3
0, T y_le {3}

Hence, f is onto.

(¢) Let 1,29 € R and f(x1) = f(z2)
1 2+1 xi+1
T To Ty T2

@]

— x%xg + Iy = x%xl —+ x4
= i1y — 131 + (v —11) =0
— l‘ll'g(xl — $2) + (iL‘Q — .Tl) =0
— (1’1 - $2)<$1Q32 — 1) =0
= Either, x1 — 25, =0 or, z129 — 1 =0
— I1 = T2 or, To = —
I 1
Let us consider the counter example, 1 = 2, x5 = —.
1 5 1 5
Then f(x;) :2—{—5 =3 and f(z9) = §+2: 7
Hence, f is not one-one.
R.B. Maths Academy d804636360 d836726238
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Composition of Functions

1. Find gof and fog when f: R — R and g : R — R are defined by:

(a) f(r)=2r—1and g(z) =2°+3Vzr R
(b) f(x)=xz+1and g(x) =|z|Vx €R
(c) f(z) =sin(z) and g(z) =522V 2z € R
(d) f(z)=2"—-3z+2VazeR,find fof
Answers
(a) f(x)=20v—1,9(x)=2°+3Vzr R
gof(z) = g(f(x))
= g(2x 1)V$€R
=02z —-1)%*+3
=4a® —do+1+3

=42’ —4r+4VzreR

and fog(z) = f(g(z))

= f@®+3)

=2(2*+3) — 1

=2°4+6-1=222+5VzeR

(b)f(rv):xﬂ,() lz| V2 eR

N)=glx+1)=]z+1VxzeR

fog(r) = f(g(z)) = f(|x|) [z|[+1VzeR
(

(¢) f(z) =sin(z),g

=5(sinz)® =5sin*r Vo € R
fog(z) = f(g(2)) = f(52*) =sin(52”) ¥ 2 € R

(d) f(x)=a2*-3x+2VreR
fof(x) = f(f(x))
= f(z* =32 +2)

= (2?32 +2)?-3(z" -3z +2)+2
=0t 4+ 922 +4—62° — 120 + 42?2 — 32> + 92 — 6+ 2
=2t — 623 + 1022 — 3z

2. (a) f:R—Randg:R — R are defined by f(z) =2? and g(x) =z +1V z € R.

Show that gof # fog.
(b) f:R — Ris given by f(z) = (5 — x5)%, then find fof.

(¢) If f(z) = |z| and g(z) = [z] ¥ 2 € R, find fog (—g)
(d) f(x)=x+7and g(x) =2 — 7, find fog(7).

R.B. Maths Academy 9804696360 9836726238
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Answers

(a) f(x)=2%g(r)=2+1V2xcR
gof(x) = g(f(x)
=g(@*)=2"+1VreR
fog(x) = f(g(x))
=fla+1)=(@+1)?*VzeR

=1"+2r+1VzeR
We have, 22 + 1 # 2> + 22 + 1

Hence, fog # gof
(b) f()=(5-2")i VzER
fof(z) = 1 ((5—a%)%)

(¢) f(a) = lal,g(x) =[] V2 R
Fog(x) = F(g(x))

5
fos\=3) =173

(d) f(x)=x+Tand g(z) =2 —7

fog(z) = f(g(x)) = flxz —7)
=r—T7+7=xVzxeR

oo fog(T) =17
3. (a) f:R—Randg:R — Raredefined by f(z) =z+1and g(x) =2x—1Vz € R.
Show that gof = fog = Ij.
(b) Let f: R — R be defined by f(x) = 7z + 3. Find function g : R — R such that
gof = fog = Ig.
Answers

(a) flz)=xz+1,9(z)=x—1VzeR
gof(z) =g(f(2)) =gz + 1) =(@+1)-1=xVrecR

gOf—IR
fog(z) = f(g(x)) =flz—1)=2—-1+1=2xV2reR
o fog =1g

(b) f(x)=Tx+3
gof =1 = gof(zr) =2 = ¢g(Tx+3)==x
Let, x +3 =y — x:y_;?;

- g9(y) —y—;g. Hence, g(z) =
Also, fog(x):f(x_g) = (x;B) +3=2—-3+3==x

7
fog =1g

Hence, g : R — R is defined by g(z) = x_;?) V x € R such that gof = fog =1y

3%:1 R.B. Maths Academy 9804696360 9836726238
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Invertible Functions

1. (a) Show that the function f: R — R defined by f(z) = 42 + 5 is invertible. Also
find inverse of f.
(b) If A =R —{-3} and B = R — {2} and a function f : A — B be given by
20 +1
o) = 2
(c) Let f: N — S be a funtion defined by f(z) = 92° + 6z — 5, where S is the range
of f. Show that f is invertible. Find the inverse of f and hence find f~*(43) and
f71(163).
(d) If function f : R — R is defined by f(z) = 5z — 3, then find function g : R - R
such that gof = Ir = fog.

, then show the function is one-one and onto. Hence find f~!.

Answers

(a) f(x)=4x+5
Let x1, x5 € R such that f(z1) = f(x9)
= 41 +5 =419+ 5 = 4x =4ry = 21 = 9
—> f is one-one.
Now, let y = f(x)
— y=4r+5
— y—506=4z
= yT5 eR
So, f is onto.
Hence, f is invertible.
Now, y = f(z)
= [Ty =2

— i) =12 {l’ = y;ﬂ
() = 222

4
. 20+ 1
(b)) A=R—{-3}and B=R — {2} and f: A — B is given by f(x) = T3
x
Now, let f(x1) = f(x2) for x;,20 € A

2.1’1 T 1 o 2ZE2 + 1
T+ 3 a To + 3
2.1’1%2 + To + 6]71 + 3= 2.131%2 + 1+ 65(72 +3
To + 61’1 = + 61’2
51’1 = 51’2
Tr1 = T2
Hence, f is one-one.
Now, let y = f(x)

20+ 1

NN

:y:
rz+3
— yr+3y=2z+1

13551 R.B. Maths Academy 9804696360 9836726238
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1-3
= = Qywhichisdeﬁnedfory—27é0:y;ﬁ2

= rangeof f=R—-{2} =B

— range of f = codomain of f.

— f is onto.

Thus the function is one-one and onto.
= f is invertible.

Now, f(z) =y and f is invertible

= [y =2

= )=
— ) = 195_—3233'

f:N—=S, f(z)=92%+ 6z — 5 where S is the range of f.
Let f(z1) = f(z2) for, 1,20 € N

— 922 + 61, —5=923 + 625 — 5

= 927 — 915 = 62y — 61,

— 9 (2] —23) =6(z2 — x1)

— 9(ZL'1 -+ (L’g)([)ﬁl — .112) = 6(1‘2 — ZL’l)

— (ZL‘; — 172)[9<1L'1 + wg) + 6] =0

but, 9(x1 + x2) + 6 # 0 since x1, 19 € N

— 11 —22=0

— I = X2

So, f is one-one.

Again, let y = f(x)

— y=922+6x—-5

= y=(Br)’+2x3xx1+1-1-5

= y+6=(3z+1)>

= 3z + 1 = +/y + 6 (negative sign is omitted as x € N = z > 0)

— 3x=+/y+6—-1

V 6—1
.'.x:%eN Vyes.
Hence, f is onto. .. f is invertible.
Now, y = f(z)

| TR 1
— fly=r=TT000

Vva3+6—-1 T7—-1 6
B e bt
V1 -1 13-1 12
and f71(163) = 63+6-1 _15-1_ 12,
3 3 3
(d) f:R—=R, f(z)=>5zr—-3
Let x1, 25 € R such that
f(z1) = f(2)
— b1 —3=>5xy—3
— bz = dx9
— I = T2
So, f is one-one.
Lety = f(z) = y=5xr—3
— z= yTJ“?’ ER VyeR
an:d R.B. Maths Academy 804696360 d836726238
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So, f is onto.
Hence, f is invertible.

Let y = f(z) then,

fy) == s

_ y
— [y = Tg
= @) =1
Then,

cofof Tt =1g = f"lof
. g = f ! such that gof =1 = fog
T+

Hence, g: R - R, g(x) = z

2. (a) If f: R — R, defined by f(z) = 20—

is invertible, find f~'.

4 4 4
(b) If f: R— {—g} —-R- {g} is a function defined by f(z) = 3—1" then find

-1

Answers
20 -7 . . .
(a) f:R—=R, f(z) = is invertible.
20 =7
Let y = f(z) = =
dy +7
——— =z

Again, let y = f(x)

— [ =a= 2
Hence, f~!(x) = 407:; !
4
(b) f(x) = 5=
Let x1,22 € R — {—%} and f(z1) = f(x9)
41‘1 4.(13'2

31, +4  3wy+4
= 12z129 + 1621 = 122125 + 1625

z+4
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3.

(a)

(b)

(a)

= 1621 = 1629 — 21 = T2
So, f is one-one.
Again, let y = f(x)

R dx
v= 3r +4
= oy +4y =4z
— 3xy —4dr = —4y
— 23y —4) = -4y
—4 4 4
= =g _y4 - 4_y3y which is defined for y {3}
4
— range of f =R — {g} = co-domain of f.

Hence, f is onto.
.. f is invertible.

4

Now, y= f(z) = /() =w= "5

4o
S RN
) (x)_4—3x'

2 4
IfA=R - {g} and a function f : A — A is defned by f(x) = 6x+j Show

x_

that f is one-one and onto. Hence find f~!.

Consider f : R, — [=9,00) given by f(z) = 52° + 62 — 9 where R, is the
set of all non-negative real numbers. Prove that f is invertible with f~'(y) =

VA =5y —3
5 .

Answers

Let x1, 29 € A be such that f(x1) = f(z2)
4331 +3 r 4.T2 +3
61 —4 61y —4
— 241'1{)’)2 + ]_8.172 - 16131 —12 = 24[E1.172 + 181’1 - 161‘2 —12
— 18x9 — 1627 = 18x; — 1629
= 341, = 341 = 1, =19 = [ is one-one.
dr + 3
6x — 4

Let y = f(z) = y =
= 6oy —4dy =4x+3
= (6y —4)r =4y +3
—
—

A 2
oz — B o which is defined for y # =
6y — 4 3

2

range of f =R — 3 — A
—> range of f = co-domain of f = f is onto.

Thus, the function f is one-one and onto.
= f is invertible.

Now, y = f(x)
4y + 3
— -1 e —
[y =z 6y 4
_4x—|—3
6 —4°

Hence, f~'(z)
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(b) Let 1,29 € Ry such that f(z1) = f(z2)

522 4+ 62, — 9 = 5wy + 615 — 9

5(xf — 23) + 6(x; — 29) =0

(331 — $2)[5(£B1 + 332) + 6] =0

1 —22=0 [.x,29 € Ry = 5(x1 + x2) + 6 # 0]
f is one-one.

AszeR,,2>0

= 52’462 >0

= 51+ 62 —9> —9

= range of f =[-9,00)

.. Range of f = [—9,00) = codomain of f = f is onto.
Hence, the given function f is bijective.

.. f is invertible.

Again, f(z) = y

52+ 6r—9=y

2522 4 302 — 45 = by

(5z +3)% —9 — 45 = 5y

(5z +3)? = 54 + by

Sz + 3 = /by + 54 (omitting the negative sign as, x > 0)
b5r = /by +54 -3

Voy +54—3

5
Now, f(z) =y and f is invertible.

_ Voy +54 -3
By ¥5i-3

RN

Freiil

= f(y)
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Binary Operations

1. For each binary operation '+" defined below, determine whether ’+" is binary, commu-

tative and associative.

(a) On Q, defined by a b = %b.

(b) On Q, defined by a b= a — b+ ab.

(c) On R — {1}, defined by a b = bil'
Answers
ab
(a) axb= 5
ab
Let a,bGchenEEQ
Hence '+’ is binary.
ab  ba
Now,a*b—E—E—b*a
so, %' is commutative.
N Y X bc\  abc  abe
& =4\ ) Taxa T
b b b
and, (a*b) x c = % ¥ C = 2a><62 _ 999

Hence a* (bxc) = (axb) xc
So, '+ is associative.

(b) axb=a—0b+ab,a,b e Q
a,be@Q —= a—b+abe Q
Hence '+" is binary.
Now,a*b=a—-b+ab#b—a+ab=bxa
Hence, '+’ is not commutative.
Now, a * (b*c)
=ax(b—c+bc)
=a—(b—c+bc)+alb—c+be)
=a—b+c—bc+ab— ac+ abc
And (a*b) *c
=(a—b+ab)xc
a—b+ab—c+ (a—b+ab)c
=a—b—c+ab+ ac— bc+ abc
soax(bxc)# (axb)xc

Hence '« is associative.

a
(¢) axb= P )
Taking a =1,b = —2, b1 —-1¢R—-{-1}
Hence, '+’ is not binary.
Again, a x b = b;—l and bxa = ]
a
But, I # o
13%:3 R.B. Maths Academy 9804696360 9836726238
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= axb#bxa

Hence %" is not commutative.

Now, (a*b) xc = Ve

S

So(axb)xc#ax(bxc)

Hence x is not associative.

2. Let S be the set of all rational numbers except 1 and ‘*" be defined on S by a x b =

a+b—abV a,beS. Prove that:

(a) '’ is a binary operation on S

(b) The operation is commutative as well as associative.

Find the identity element. Also find the inverse of an element a € A.

Answer

(a) a,be Q—{1}
= a+b—abecQ—{1}

cIfat+b—ab=1 = a(l—b)—(1—b)=0 = (a—1)(1—b) = 0 which is

not possible as a,b € Q — {1}.
Hence, '+’ is binary.

(b) axb=a+b—ab
=b+a—ba=bxa
Hence '*" is commutative.
ax* (bx*c)
=ax*(b+c—be)
=a+b+c—bc+alb+c—be)
=a+b+c—bc—ab— ac+ abc
(axb)*c
=(a+b—ab)xc
=a+b—ab+c—(a+b—ab)c
=a+b+c—ab—bc—ac+ abc
sax(bxc)=(ax*xb)*xc
So, '+’ is associative.

Let if possible e € S be such that exa=a V a € S.

= a+e—ae=a
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= ¢(l—a)=0

— e=0€S8 [ra#l]

Hence, the identity element e = 0 exists.

Let a~* be the inverse of element a, then we must have, a * a~! = e (identity)

— a+a'l—aalt=0

— a'(1—a)=—a

- a4 = = €eS Vaes
l—a a-1

Hence, inverse of each element exists in S.

3. If A= NxN and '¥" on A is defined by (a,b) x(c,d) = (ad+bc,bd) V (a,b), (c,d) € A,
then show that:

'¥' is a binary operation on A

s’ is commutative on A

)
)

(c) '+ is associative on A
)

(a) Consider any (a,b), (c,d) € A = a,b,c,d € N
= ad+bc,bd e N = (ad + bc,bd) € A
= (a,0) x (c,d) € A

= '+ is a binary operation.

(b) For all (a,b), (¢,d) € A we have,

(a,b) % (¢,d) = (ad + be, bd), and

(¢,d) * (a,b) = (cb+ da, db)

*.» addition and multiplication are commutative on N, ad+bc = cb+da & bd = db.

= (ad + be, bd) = (cb + da, db)

s (a,0) % (¢,d) = (¢,d) % (a,b)

= The binary operation '+’ on A is commutative.
(c) For all (a,b),(c,d), (e, f) € A, we have

{(a,b) * (c,d)} (e, f)

= (ad + be, bd) * (e, f)

= ((ad + be) f + (bd)e, (bd) f)

= (adf + bef + bde, bdf)

Again, (a,b) * {(c,d) * (e, f)}

= (a,b) * (¢f + de, df)

— (aldf) + b(cf + de), b(d))

= (adf + bcf + bde, bde)

— {(a,0) % (c,d)} * (e, f) = (a,0) * {(c,d) * (e, )}

= the binary operation '+’ on A is associative.

(d) Let if possible, (e, e2) € A be the identity element in A, then we must have
(e1,e3) * (a,b) = (a,b) V (a,b) € A
= (e1b+ e2a, e3b) = (a,b) ¥V (a,b) € A
bei + esa = a and bes = bV a,b € N
— e =0ande; =1
But 0 ¢ N and therefore (0,1) ¢ A

Hence, A has no identity element with respect to the given binary operation.
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4. Let A= Q x Q, where Q is the set of rational numbers, and * be a binary operation
on A defined by (a,b) x (¢,d) = (ac,b+ ad) ¥V (a,b), (¢,d) € A then find:

(a) the identity element of ¥ in A,

(b) the invertible elements of A, and hence write the inverse of elements (5,3) and

1
(24)

2

Answer

(a) Let if possible, (e1,e3) € A be the identity element, then we must have,
(a,b) % (e1,e2) = (a,b) V (a,b) € A
= (ae1,b+ aey) = (a,b) = aey =a and b+ aey =b
= e; =1 and e; = 0, (provided a # 0)
- (e1,e2) =(1,0)
If a =0, then (0,b) % (1,0) = (0 x 1,b+ (0 x 0)) = (0,b)
Also, (1,0) % (0,b) = (1 x 0,04 (1 x b)) = (0,b)
Thus, (1,0) is such that:
(1,0) * (a,b) = (a,b) = (a,b) * (1,0) V (a,b) € A
= (1,0) is the identity element of given binary operation '«" on A.

(b) Consider any element (a,b) € A. If (¢,d) € A be its inverse then we must have,
(a,b) * (¢,d) = (1,0)
= (ac,b+ ad) = (1,0)
= ac=1land b+ad =0

1
— c=—-and d= - (provided a # 0)

Thus, (a,%) is invertible, provided a # 0

and the inverse of (a, b) is o %b

Hence, all elements (a,b) € A are invertible provided a # 0
.. The inverse of (5,3) is (%, =3 :

1 1 —4
.. The inverse of (5,4) is (I’ T> = (2,-8).

2 2
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Practise Problems

. Show that the relation R in the set A = {1,2,3,4,5} given by

R ={(a,b) : |a —b| is even } is an equivalence relation.

1
Show that the function f : R* — R defined by f(z) = — is one-one and onto, where
x

R" is the set of all non-zero real numbers.

Show that the function f: R — R given by f(x) = |z|, is neither one-one nor onto.

1 Jifz>0
Show that the signum function f : R — R, given by f(z) = <0 ,ifz =0 is
1 ifr <1
neither one-one nor onto.
. Find gof and fog, if f(z) = 82* and g(z) = 3. Ans: 2x,8x

Consider f: Rt — [4,00) given by f(z) = 2 + 4. Show that f is invertible and find
the inverse, where R™ is the set of all non-negative real numbers.

Ans: fHz) =Vr —4

3ab
If * is binary on Q, defined by a * b = - Show that * is commutative as well as
associative. Also, find its identity element if it exists. Ans: e = =

3

. Is * a binary operation on the set Q such that a % b = (2a — b)* for all a,b € Q?

. If f: R — R is defined by f(z) = 2° — 3 + 2, find f(f(x)).

Ans: z* — 622 + 1022 — 3z

10. Let f : N — Y be a function defined as f(z) = 4x + 3, where, Y = {y € N : y =
4x + 3 for some x € N}. Show that f is invertible. Find the inverse.
Ans: f71(z) = ro9
4
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